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A RANDOM WALK PROOF OF THE ERDOS-TAYLOR 

CONJECTURE 

JAY ROSEN* 


Abstract. For the simple random walk in Z 2 we study those points 
which are visited an unusually large number of times, and provide a new 
proof of the Erdos-Taylor Conjecture describing the number of visits to 
the most visited point. 


1. Introduction 

In our paper ll_ we proved a conjecture of Erdos and Taylor concerning 
the number L* of visits to the most visited site for the simple random walk 
in Z 2 up to step n. 


Theorem 1.1. Let {Xj ; j > 1} be the simple random walk in Z 2 . Then 


( 1 . 1 ) 


r* 

lim 

n —>oo (log n) z 


= 1 / 7T a.s. 


Our approach in that paper was to first prove an analogous result for 
planar Brownian motion and then to use strong approximation. The goal of 
this paper, which is purely expository, is to show how to prove m using 
only random walk methods. We also go beyond o> and study the size 
of the set of ‘frequent points’, i.e. those points in Z 2 which are visited an 
unusually large number of times, of order (logn) 2 . Perhaps more impor¬ 
tant than our specific results, we develop powerful estimates for the simple 
random walk which we expect will have wide applicability. 

Let Lf z denote the number of times that x G Z 2 is visited by the random 
walk in Z 2 up to step n, (so that L* = max l6Z 2 L*)■ Set 

(1.2) e„ (a) = {x € Z 2 : JX,_> a /,}. 

Let D(x, r) = {y G Z 2 | \y — x\ < r}. Let Tb = inf{z > 0 | Xj G B} for any 
B C Z 2 and set 

(1.3) ^n(a) = {x G D(0,n) : ^ 2a /**}- 
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Theorem 1 . 2 . Let {Xj ; j > 1} be the simple random walk in Z 2 . Then for 
any 0 < a < 1 


(1.4) 


lim 

n—>oo 


log|0 n (q)| 
log n 


Equivalently, for any 0 < a < 2 

log | (a) | 


(1.5) 


lim 

n —»oo 


logn 


= 1 — a a.s. 


= 2 — a a.s. 


The equivalence of d and d follows from the strong invariance prin¬ 
ciple which implies that 


( 1 . 6 ) 


lim 

n—>oc 


log Td( 0,n) c 
log n 


= 2 


a.s. 


In particular, d is equivalent to 


(1.7) 


.. D(0,n) c 

™ (logn) 2 


2/ir a.s. 


In Section [21 we prove the upper bound for Theorem 11.21 and the lower 
bound is proven in Section^ subject to Lemma HTTH Sections I4l6l are devoted 
to the proof of Lemma 14.21 

Here are the basic ideas behind our proof of d- It is not too hard to 
get good estimates on P(L^ (q > (2 — e)(log n) 2 /-k) for x G D(0, n), and 
indeed this is how we obtain the upper bound for d in Section [21 On 
the other hand, the lower bound requires a second moment estimate, which 
is problematic due to the large correlation between the events > 

(2 — e)(logn) 2 /-7r} for different x G D(0, n). Rather than study the events 
{L X T D , 0tny > (2 — e)(logn) 2 /7r}, we define a point x G D(0,n) to be ‘n- 
succesfuP if, up to time T D ^ n y, there is a specified number of excursions 
between circles centered at x. The ‘excursion count’ is chosen to be ‘typical’ 
for x with )c > (2 — e)(logn) 2 /7r}, so that the probability of x being 

‘n-succesful’ is close to P(Lif D ^ > (2 — e)(logn) 2 /-7r) and also, for large 
enough n, all ‘n-succesful’ points x have Lf D(n )C — (2 — 2e)(log n) 2 /ir, see 
Lemma rm The advantage of working with ‘n-succesful’ points is that the 
correlation between two such points, x, y, can be controlled using the tree¬ 
like structure of circles centered at the two points. In particular we show 
that for x, y far apart, excursions between circles centered at x and close 
to x are almost independent of the excursions between circles centered at y 
and close to y. 


2. Local time estimates and upper bounds 

Let X n , n > 0 denote the simple random walk in Z 2 . We use P x , E x for 
the probability and expectation for the walk started at x, and write simply 
P, E for the walk started at the origin. For any set A C Z 2 we define the 
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boundary dA of A by dA = {y e Z 2 | y E A c , and inf^g^ \y — x\ < 1}. For 
x, y £ Z 2 define the Green’s function 


OO 

( 2 . 1 ) Ga(x, y) = J2 pX =y,i< t a°) ■ 


i =0 

Lemma 2.1. For |xq| = r < R and some finite constant 7 , 


( 2 . 2 ) 

^°(4 dw ) = G d( O> fl)(xo, 0 ) 


2 log( J R ) +7 + 0 ( J R- 1 ) 

| log(f ) + 0 (r“ 1 ) 


if x 0 = 0 


ifx 0 fi 0 . 


Let xo fi 0. For any 0 < ip < 1 
(2 3) E x ° ( e g d(o,r)(°’°) Lt d(o,r) c ^ _. \ _ r 




log(i?) 1 + <p 


1 + 0 ( 


log(r) 


and for all z > 1 

(2.4) pX0 ( L T D{0 ,Rr ^ zG D(0,R)M) < c ^ e ' z 

for some c < 00 independent of x 0 , 2 , i?. 


Proof of Lemma 12. H By Theorem 1.6.6 of 0], 

(2.5) G\d( 0 ) _r)( 0, 0) = — log-R + 7 + 0(1? x ) 

for an explicit constant 7 , and by Proposition 1.6.7 of [3] 
( 2 - 6 ) Gd( 0 ,r)(z, °) = ^ log ^ + 0 (|x| -1 ). 

Since 


( 2 - 7 ) L T DI o, r) c ~ hXi=o}, 

*<Td( 0,R) C 

Q follows. 

For El, note that, conditional on hitting 0 , Ty ^ c is a geometric 
random variable with mean G D f 0 ,B) (0,0). Hence, 


/ g G D(0,K)(°’°) Lt D(0,R) c 


= 1-P X0 (To < T D(0)i?) c) 

(2.8) +P* 0 (T 0 < T d(0>r) c) ( . --- 

\ (e G£> (0’- R ) c °’ 0) -1 )G d(o>r) (0,0) + 1 

Since by (12.51) 


(2.9) 


1 

G\d(o,r)(0, 0) 


0 (l/log(i?)) 
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we have 

(2.10) (e G ^> (0 ’ 0> _ l)G z?( o lfl )(0,0) + 1 = 1 + <p + 0(j^y)- 

Furthermore, using the strong Markov property at the stopping time Tq 


Gd(o,r)( x o,0) - P 10 [ ^2 l{x i= o} 

\i< T D(0,R) c 


( 2 . 11 ) 


P x ° | X] 1 {Xz=o} ° T o < t d{ 0 ,ry 

\i<T D (o,R)o 

P X ° {T 0 < T d( 0 . r) c) P° [ ]T hxi=o} 

\i< T D(0,R) c 

P x ° {To < ?d( 0 ,i?) c ) G D (o,r)(0>0) 


so that 

( 2 . 12 ) 


P x ° {To < T d{0 , r) c ) = 


Gd(o,r){ x o, 0 ) 

Gd(o,r) (0,0) 


By (12.511 and (12.till . 

,mo\ G d{ o,r){x 0 ,0) _ log(f) ( A , 

( ’ Wwl ( 


log(r) 


) , 


and (HOI) then follows. 

For (EH) note that by the strong Markov property we have 


E X °(L% ) k < k\E x ° 

v - Z -D( 0 ,i?) c ' — 




— PG d(o,r){^-G)E' 


s n i {^ i =o> 

0<ji<-<jk<T D ( O ,R)c i =1 

fc -1 

II 1 {x ji = 0 }GD( 0 ,K) ( 0 , 0 ) 

0<ll<— <jk-l<' X D(0,R) C *=1 

fc -1 

s n i {^i i =«} i> 

0<jl<—<jk-l<TD(o,R) c 


XO 


and by iteration we obtain 

(2.14) EX °{L°T Di0 , R)c ) k < fe!G D( 0 iR) (xo ! 0)(G D( 0 , B )(0,0)) fc - 1 . 

To prove (12.411 . use (12.141) . the fact that G D ( 0 ,r){x o,0) < G_d(o,j?) (0,0) by 
CUD , and Chebysheff to obtain 

h\ 

(2.15) p» {L 0 w > zGdm( 0 ,0))< ? 
then take k = [z] and use Stirling’s formula. 
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□ 

We next provide the required upper bounds in Theorem 1 1.21 Namely, we 
will show that for any a £ (0,2] 

(2.16) 


lim sup ■ 

m—>oc 


log 


jx £ D{ 0, m) : 


Li 


D(0,m) c 


> 


(2a/7r)(log m) 2 j 


logm 


<2 — a a.s. 


To see this fix 5 > 0 and note that by (ITU) . for some 0 < e < 5, all 
x £ D(0, m) and all large enough m 


(2.17) 

Therefore 


P 


' TX 

J-Jrr-i 

D(x,2m) c 

(log m) 2 


> 2a/-/r < m 


— a+e 


( 2-18 ) P f |{ x G D (°’ m ) : ~ 2a /*} 


> m 


2-a-\-S 


<m-^- 5 E°( \xeD{0,m): > 2a/n\ 

\ t log mV J 


= m- (2 ~ a) - 3 


E ? 


;l x t 

,0 / i D(0,m) c 


x£D(0,m) 


< m- (2 ~ a) - s P 

x£D(0,m) 


(log m) 
,'LZ 

.0 / J D(i,2m) c 


(logm) 2 
> 2a/7r 


(logm) 2 


>2a/n 


Now apply our result to m = m n = e n to see by Borel-Cantelli that for some 
N(uj) < oo a.s. we have that for all n > N(u>) 

TX 
Ixi 


(2.19) |x£T»(0,e n ): 
Then if e n <m < e n+l 

(2.20) jx £ D{ 0, m) : 


jx £ D(0,e n+1 ) : 
{x £ D{ 0,e n+1 ) : 


J Td( 0,e") c 


(log e n ) 


2 > 


2a/7r| 


< e ( 2 -“+ 5 ) n . 


J-Jrp 

J D(0,m) c ^ 

(logm) 2 — 


2a/7r| 


< 


L 


rp 

1 D( 0,e n + 1 ) c 


(log e 


n \2 — 


L 


rp 

1 D(0,e n + 1 ) c 


> 


2a/7r| 

2a(l + l/n) _2 /7r| 


(log e n+1 ) 2 

< e (2-a(l+l/n)- 2 +5)(n+l) < - (2-a(l+l/ri)- 2 +<5)(ri+l)/ri 


now follows on taking 5 —» 0. 

□ 
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3. Lower bounds for probabilities 


Fixing 0 < a < 2, we prove in this section that 
(3.1) 

log 


lim inf ■ 

m—*oo 


{% G D(0,m) : ^r D(0 , m)c > (2a/7r)(log m) 2 } 


log m 


>2 — a a.s. 


In view of (ITTfill . we will obtain Theorem II .21 . 

Set K n = 16 e n n 3n . Using the fact that lim^-nx, log I \ n /log K n _i = 1, a 
simple interpolation argument shows that in order to prove eu it suffices 
to show that 
(3.2) 


lim inf 

n—xx) 


log 


G D(0,K n ) : 


L 2 


L D(0,K n ) c 


> 


(2o/7r)(log A„) 2 1 


log K n 

It suffices to prove that for any 6 > 0 and sufficiently large n 
(3.3) P ( |{x e 0(0, K n ) : > (2a/*)} 


>2 — a a.s. 


>K n 


2—a—S 


>P6>0. 


For then 
(3.4) 


P 


|x G D(0, K n ) : 


Li" 

lD(0,K n )c 


(log K n+ {) 


2 > 


(2a — 5)/vr| 


T/'2—a—25 
< K n +1 


< 1 - PS, 


By considering the stopping times T; =: T D ^ 0 i Kn ' ) c ; l = 0,1,2,..., n 3 — 1 

and setting 

(3.5) 

( , L* 

A = 

we have that 


{. 6 D(*,,*.): (i=(l>(2 a-SU*} 


1^2—a—26 
< K n +1 


(3.6) | |x G L»(0,/i n+ i) : 


r P(o,^ T 1 + i) e 

(log L' n+ i) 2 


> 


(2a — <5)/7 t| 


2-a-2<5 


< K n+ 1 


cn^" 1 Ao0 Tr 

Hence using the strong Markov property and ms we see that 


P 


jx G D(0, LT n +l) : 


L T D (Q,K n+1 )c 

(log K, 


n +1 


\2 > 


(2a-5)/i,}\<Kl-tA <( 1 - m )' 


An application of the Borel-Cantelli lemma followed by taking the <5 —^ 0 
limit then gives (GU). 

We start by constructing a subset of the set appearing in (13.31) . the 
probability of which is easier to bound below. To this end fix to, and let 
r n .k = e n n^ n ~ k \ k = 0,... , to. In particular, r n , n = e n and r n , o = e n n 3n . 
Set K n = 16r nj o = lfie^n 3 ”. 
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Let U n = [2r ni0 ,3r ni0 ] 2 C D(0, K n ). For x £ U n , let N/f k denote the 
number of excursions from dD(x, r Hj k- 1 ) to dD(x, r n y) until time T D ^ 0Kn y. 
Set = 3 ak 2 log k, and k 0 = 4 V inf{fc | > 2k}. 

We will say that a point x £ U n is ?r-successful if N x k = 1, Vfc = 
1,..., fco — 1 and 

(3.7) n k~ k < N/f k < t \k + k \/k = k 0 , ■ ■ ■, n 

Let Y(n,x) ; x £ U n be the collection of random variables defined by 
Y (n, x) = 1 if x is n-successful 

and Y(n,x) = 0 otherwise. Set q UiX = P(Y(n,x) = 1) = E(Y(n,x)). 

The next lemma relates the notion of n-successful and local times. As 
usual we write log 2 n for log log n. 

Lemma 3.1. Let 


S n = {x £ U n \x is n-successful}. 

Then for some N(u>) < oo a.s., for all n > N(u>) and all x £ S n 

7OT>2„/,-2/log 2 „. 

Proof of Lemma l3.lt Recall that if x is n-successful then N x n > n n — n = 
a(3n 2 logn) — n. Let L XJ denote the number of visits to x during the j'th 
excursion from dD(x,r nn ) to dD(x,r n>n - 1 ). Then for any 0 < A < oo 


P x := P[Lf 


< (2a/ir - 2/ log 2 n) (log A' n ) 2 , x £ 
< P I ^ < (2a/7r — l/log 2 n)(3nlogn)^ 


D(0,K n )c 
n„—n 


3=0 


(3.8) < exp (A(2a/7r — 1/log 2 n)(3?i logn) 2 ) E A ^=° L . 

If r denotes the first time that the n n — n’th excursion from dD(x,r ntn - 1 ) 
reaches dD(x,r n ^ n ) then by the strong Markov property 


(3.9) 


/ \ — n t x 

E e - x Y j = 0 L 


( \ wnn —n — 1 jx.j v 

= E[e~ x ^o=o L E Xr 


—ALS 


D(x, r n n— l) C 


Set A = 4>/G D ( X:rnri _y(x,x). By (JT3J), with r = r nin = e n ,R = r nin _i = 

n 3 e n , for any 0 < (f> < 1 and large n 

(3.10) 

( ~ xl t d(x r / ( (1-1/2 log n)(j) \ 

sup E y I e K ' r n,n-i> j < exp I- ~r~~L -3(logn)/n ) . 

y€dD(x,r ntn ) \ J V 


1 + ' 
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Hence by induction 

(3.11) E (e~ x ^=o n < exp (^-^—1^^9an(logn) 2 ^ . 

Then with this choice of A, noting that G^^ x ^ rnn _ 1 ^(x,x) ~ by <12.511 , we 
have 

(3.12) P x < inf exp ^{<£(1 - 1/2 log 2 n) - —— * ^ }9an(log n) 2 ^j . 

A straightforward computation shows that 

(3.13) inf (y«- 

which is achieved for ip = y/~j3/y/a — 1. Using this in dEt we find that 

(3.14) P x < exp (—cn(logn/log 2 n) 2 ) . 

Note that \U n \ < e cnlogn . Summing over all x € U n and then over n and 
applying Borel-Cantelli will then complete the proof of Lemma 13.11 
□ 

Using this Lemma we see that to prove cm it will suffice to show that 
for any 5 > 0 we can find po > 0 and Nq < oo such that 



for all n > Nq. 

We will see by dm> of the next Lemma below that for some sequence 
S n —* 0 and constant c > 0 

(3.16) E f Y(n,x) j = £ q n , x > cKl~ a ~ & P 

\xGU n / X&U n 

Recall the Paley-Zygmund inequality (see m page 8]): for any W G L 2 (H) 
and 0 < A < 1 

(3.17) P(W > A E(W)) > (1 - A) 2 ^^ 2 . 

We will apply this with W = W n = J2xgu Y(n,x). Thus to complete the 
proof of (13T51) it suffices to show that 



(3.18) 


2 
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for some c < oo all n sufficiently large. Furthermore, using (ETTH1) it suffices 
to show that 


/ 


(3.19) 


E 


\ 


E Y(n,x)Y(n,y) 


x,yeu n 

\ 




<\e(yY^x^ 


The next lemma, which provides estimates for the first and second mo¬ 
ments of Y(n,x), will be proven in the following sections. 

Lemma 3.2. There exists 5 n —> 0 such that for all n > 1, 

(3.20) q nx > Q n = inf P{x is n-successful ) > K~^ a+5n \ 

XGUn 

and 

(3.21) Q n > cq n , x 

for some c > 0 and all n and x E U n . 

There exists C < oo and 5' n —> 0 such that for all n, x / y and l(x,y ) = 
min{m : D(x,r nm ) n D(y,r njm ) = 0} < n 


(3.22) 


E(Y(n, x)Y (n, y)) < C7Q£(*(*, y)!) 3o+5 K*.») . 


In the sequel, we let C m denote generic finite constants that are indepen¬ 
dent of n. The definition of l(x,y ) > 1 implies that \x — y\ < 2 r n u x ^-i. 
Recall that there are at most Cor^ i _ 1 < CoK 2 l 6 (l\)~ e points y in the ball 
of radius 2r n /_] centered at x. Thus, it follows from Lemma E2 that 


(3.23) 


E 


E(Y(n,x)Y(n,y)) 


x,yeUn 

2rn,,n^ y\ n ,o 


<C 1 


E 




x,y£Un 

2 Tn,n ^ y | < 2 r 7 x 5 0 


<C 2 Q^2^ A ,2 z 6 (n) -6 (n) 3a +5 ; 

Z=1 

n 

< C 3 (KlQ n ) 2 Y l6 ( ll )~ 3{2 ~ a)+5 ' 1 

1=1 

< C 4 (K 2 Q n f < C 5 | E ( £ y(n, ; 


where we used the fact from iezihi that 


(3.24) 


K'nQn <cY«n, X = cE £ 


n, x 


xeu„ 


Kxeu n 
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Similarly 

(3.25) ]T E(Y(n,x)Y(n,y))< £ E(Y(n,y)) 

x,yeu n x,yeu n 

\x—y\<2r ni n \x-y\<2r ni n 

< C 6 Y1 K nQn < 07 e 2n K 2 Q n < C 8 i E f £ F(n, x) 

i; |x|<2r„ jn L \xGUn 

using CHH) and nsnnp - This completes the proof of (EDID and hence of 

m- 

□ 



4. First moment estimates 


By il 2 J_ 2 J) , and (EH) we have that for any x £ D{ 0, n) 

( 2 / 7 r) log(ra/|x|) + 0 (|x| _1 ) 


P x (To < T D(0in)c ) = 

(4.1) 

By Exercise 1.6.8 of 
(4-2) P x (Td( 0jR )c < T D(0 , r) ) = 

and 


( 2 / 7 r) log n + 7 + 0 (n -1 ) 

= M=M±h<Md) (1 + o((iog„) 

log(n) 

we have that uniformly in r < |x| < i? 

log(|x|/r) + 0 (r _1 ) 
log(i?/r) 


-i' 


(4.3) 


P x (Tj 


D(0,r) < T D(0,R) 


log(i 2 /|x|) + 0 (r x ) 
log(i?/r) 


Proof of Lemma EH For x £ C/ n we begin by getting bounds on the 
probability of reaching dD(x,r n fl) before Tq D ^q K \. Since 


(4.4) P (TaD(2;,r ni o) < TdD(0,I<n)) — P (^dD(x,m, o) ^ ' P dD(x,^K n )^j 
we see from (FH 1 ) that uniformly in n and x £ U n 

(4-5) P ( T dD{x,m,o) < T dD(o,K n )) > c 

for some c > 0. And since for x £ U n and y £ dD(x, r n fi) 


PV {^dDixXn.l) < T dD(x,\K n )) 

< P V (TdD(x,m t i) < T dD(0,K n )) 

< P V C T dD (x,r nil ) < T dD(x,2K n )) 

we see from (TO!) that uniformly in n, x £ U n and y £ dD(x,r n fi) 

(4.7) c/ log n < P y (T dD{Xjrn l) < T 9D(0J<n) ) < c'/logn. 
Similarly, since for x £ C/ n and y £ dD(x,r n fi) 

(4.8) py {T dmKn) < T dD{x , rn l) ) > py (T dD{x 

,2 K n ) < T dD(x,r n: o) 
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we see from that uniformly in n, x G U n and y G dD(x,r n fl ) 

(4-9) pV ( TdD(o,K n ) < TdD(x,m, 1 )) > c > 0. 

These bounds will be used for excursions at the ‘top’ levels. To bound ex¬ 
cursions at ‘intermediate’ levels we note that using G21), we have uniformly 
for x G dD( 0, r n j), with 1 < l < n — 1 

(4.10) P x (TdD{0,r n ,i-i) < T 8 D(0,r n ,l+i)) = V 2 + °( n ~ S ) 
and consequently also 

(4.11) P x (T dD{0jrnl+l) < T dD{ Q rnl l ^ = 1/2 + 0(n~ 8 ). 

Let m = (m 2 , m 3 ,..., m n ) and set \rh\ = 2 J 2 j =2 m i + 1- Let 7i n (m), be 
the collection of maps, (‘histories’), 

ip : {0,1,..., \fh\} {0,1,..., n} 

such that y>(0) = 1, <-p(j + 1) = <p(j) ± 1, |m| = inf{j ; <p(j) = 0} and the 
number of upcrossings from £ — 1 to £ 


u(i) =■ \{(j,j + 1) | + !)) = (^- M)}|- 


The number of ways to partition the u(£ + 1) upcrossings from £ to l + 1 
among and after the u(£) upcrossings from £ — 1 to £ is 

(4, 2 , (^XT -1 )' 

Since u(£) = rrii and the mapping tp is completely determined once we know 
the relative order of all its upcrossings 


(4.13) 


I n, f-\\ TT ( m C+l + 

=11 1 

- LJ - y mi — 1 


- 1 


1=2 


To each random walk path we assign a ‘history’ h(oS) as follows. Let r(0) 
be the time of the first visit to dD(x,r n p), and define t(1),t(2), ... to be 
the successive hitting times of different elements of 


{dD(x, r n fl ),..., dD(x, r n , n )} 

until the first downcrossing from dD(x,r n< i) to dD(x,r n fl). Setting 3>(y) = 
k if y G dD(x,r Ut k), let h(u)(j) = $(w(t(j))). Let h\ k be the restriction 
of h to {0,..., k}. We claim that uniformly for any (p G TL n (m) and z G 
dD(x,r n p) 

(4.14) P z = V } = (i).. {1 + <,(„-»)} W— . 

To see this, simply use the Markov property successively at the times 


t(0),t( 1),... ,r(|m| - 1) 

and then use Ol . (EH) . (The m n downcrossings from n to n — 1 come 
‘for free’). 
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Writing m ~ if m = 1 for k < k q and \m — n&| < k for k > ky 
we see that uniformly in m n ~ n n we have that {l + 0(n 8 )}^" = 1 + 
0(n~ 4 ). Combining this with (14.1311 and (14.1411 we see that uniformly in 
z G dD(x,r nt i) 


(4.15) XI ^{Vl 6 «”<»>} 


m2,...,"in 
i 

m£^r\£ 


(l+0(n- 4 )) XI 


m 2 , • • • , m n 

t 

rri£~n£ 


\m\—m n 


n-1 / 

n f ’m £+1 + me 

V m# - 1 
£=2 v * 


- 1 


^ n— 1 

(i+o(n~ 4 ))- x: n 


f me+i +me- 1 


4 - L - L \ 7Tl£ — 1 


771 2 , • • • , m n ^—2 
£ 

m^~ri£ 


2 / 

n—1 / 


Here we used the fact that m 2 = 1 so that \m\ —m n = 2 + )C/ =2 (me+i + me). 

Lemma 4.1. For some C = C(a ) < 00 and all k > 2, \m — nfc + i| < k + 1, 
\l + 1 — rifc| < k, 

— ll,—3a—1 /™ 1 v\ /i\ m+^+1 


C- 1 * 


< 


m +1 
t 


)G) 


< 




—3a—1 


\/log k V ^ / V 2 7 a/1°§ ^ 

Proof of Lemma mu It suffices to consider k ^ 1 in which case the 
binomial coefficient in oa is well approximated by Stirling’s formula 

ml = v/2W"e- m V^(l + o(l)) . 

With rifc = 3 ak 2 log k it follows that for some C\ < 00 and all k large enough, 
if | m — nfc+il < 2k, \i — nfc| < 2k then 

(4.17) ' m ’ 2| ' Cl 


m ^ 2 

' t k ~ klogk 


Hereafter, we use the notation / ~ g if f /g is bounded and bounded away 
from zero as k —> 00 , uniformly in {m : \m — Ufc+i| < 2k} and {£ : \ft — nfc| < 
2k}. We then have by the preceeding observations that 

m + £\ fl\ m+e+1 {rn + £) m+e fl\ m+e exp(-^/(^)) 


yfll 1 


m n 


1 / k 2 log k 


(4.18) 
where 

/(A) = -(1 + A) log(l + A) + A log A + A log 2 + log 2 . 

The function /(A) and its first order derivative vanishes at 1, with the second 
derivative = 1/2. Thus, by a Taylor expansion to second order of /(A) 

at 1, the estimate g33) results with 

lit—) —Ii < — — — 

1 r k 2 ~ k 2 log k 


(4.19) 
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for some C 2 < 00 , all k large enough and m,l in the range considered here. 
Since \i — 3 ak 2 log fc| < 2k, combining (14.181) and (14.19(1 we establish (14.161) . 

□ 

Using the last Lemma we have that 


(4.20) 


e n 


c~ l t 


m 2 ,...,mn £=2 
i 

mi~xn 


\/iog J 

n —1 / 


- 1 


m 2 1 • • ■i rn n 1=2 

i 


V m i - 

ct 


£ e n 

m 2 ,...,mn £ = 2 

i 

m£^xi£ 


\/log t 



m e+1 +m e 


i 

Using the fact that | {m? \ m,£ ~ n^}| = 2^+1, this shows that for some 
C 1 < 00 , 


(4.21) 


71—1 


n II 


Cf 1 £~ 3a 

\Aogl 


< 


n —1 / 

nn£+i + m i 


- 1 


m 2 ,...,mn £=2 
i 

rri£~n£ 


71—1 


— n n 

e=2 


Cxi-^ 
v/Iog 1 ' 



m e+1 +m e 


Since for any c < 00 , for some £ n , (' n —> 0 


71—1 

(4.22) nc n JJ log£ = n n ^ n = (n!)^ n 

£=2 


we see that for some 5\ tTl ,52,n 0 

(4.23) 

e nt'Cr‘Hr 1+m ‘ 

m.O. m.nr, 0 -O N c / \ / 
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(THHi-iTHfl) and mB show that for some 0 < c, d < oo 


(4.24) 


logn 


n-i / i i 

yy j-j- / me+i + m e — 1 


m^ +1 +m £ 

V 




< Qn = hif P(x is n-successful) 

XSC/n 


n— 1 


< 


logn 


e n 

m 2 , ■ ..,mn £=2 
i 


/ me + 1 + - 1 

V "b? - 1 


2\ m^ + i+)7i£ 

2 


Together with (1031) this gives El and fl?rm 

Let N£ im k denote the number of excursions from dD(x, r n ^~ i) to dD(x, r n>k ) 

until completion of the first m excursions from dD(x,r Ut i) to 8D(x, r n) j_i). 

We note here for later reference that the analysis of this section shows that 
k 

uniformly in m k ~ n^, k = l, l + 1,..., n and z G dD(x, r U) i) 

(4.25) P z {N^ lmik =m k , k = l + l,...,n) 

— (1 + 0(n~ 4 )) TT 

- LJ - V rn k - 1 


- 1 


k=l 


2 \ m k+l+ m k 
2 , 


Our analysis also shows that for some S 31 —> 0 
(4.26) 

( 

l ~ l I ™ 1\ /I \ Wlfc + l+m/fc 

e n " 


mf 

m i 

1 


V 

and since 
(4.27) 


k= 2 


m k+ 1 + m, k - 1 
m k — 1 


k 


> ((I - 1)!) 


_ 1 in _3 “- 5 3,i 


/ 


yy 1 + 


- 1 


^—2 

€ 

n—1 

> ^ 


e n 

. ,m 

c 

-n, 

/ 


mi,...,mn k= l 

k 

m fe ~n fc 


/ m fc+ i +m k - 1 

V rn k - 1 


2\ m m+ m < 

2 


2 \ 

2 


inf 

mi 

l 

m t ~ n; 


\ 


V 


J-l 

e n 

fc =2 


/ m k+ 1 + m k - 1 

V rn k -l 


2 


k 

m k ~n k 




(here we used the bound that for C(i, j),D(i, j ) non-negative, ■ k C(i , j)D(j, k) 
Hj Ei C'Cbi) Efc *0 > (Eij C'(bi)) inf i Efc D & k ) )» we see from (1051) 
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and dH2H) that uniformly in z G dD(x,r n j) 

(4.28) 

E pZ { N n,i, mi ,k = ^k, k = l + l,...,n) <ClognQ n {U) 3a+s ^. 

k 

Thus from (BUI we have 

(4.29) E P Km = m k ,k = l + l,...,n)<CQ n (, l\) 3a+S . 

raj ,...,77171 

k 

m k ~n k 


Similarly, uniformly in 


k 

~ tife, 


k 


2, 3,... , l and z G dD(x, r n< i) 


(4.30) 


.i) 

= (1 + 0(n~ 4 )) n ( mt+I + ”1 - b 
fc =2 ' 1 ' 


V 


5. Second moment estimates 

We begin by defining the u-algebra Qf l of excursions from dD(x,r n j- 1 ) 
to dD(x, r n j). To this end, fix x G Z 2 , let to = 0 and for i = 1, 2,... define 

Tj = inf{t > t*_i : X t G dD(x,r n j)} , 

Tj = inf{t > Ti : X t G dD(x,r n j- 1 )}. 

Then is the u-algebra generated by the excursions {e^\j = 1,...}, 

where = {Xt : Tj -i < t < Tj} is the j-th excursion from dD(x,r n j-i) 

to dD(x, r n j ) (so for j = 1 we do begin at t = 0). 

The following Lemma is proven in the next section. Note that for any 
a -algebra Q and event B G Q, we have P(A,B \ Q) = P(A \ Q)1{b}- 

Lemma 5.1 (Decoupling Lemma). Let T y nl = {NX = mf,i = l + 1,1 + 

2, ...,n}. Then, uniformly over all l < n, mi ~ n;, {m* : z = l + l,l + 
2,. .., n}, y G U n and x 0 , xi G Z 2 \ D(y, r nj /), 

(5.1) pX °( r n,P N n,l = m l\Gn,l) 

= (1 + 0(n _1 log n))P Xl {T y n l I N y :l = mi)l {N y - mi} 


Remark 1. The intuition behind the Decoupling Lemma is that what 
happens ‘deep inside’ D(y,r n j), e.g. T y nl , is ‘almost’ independent of what 
happens outside D(y,r n j), i.e. Q y n V 

Proof of 113.2211 : Recall that n& = ?>ak 2 \ogk and that we write m ~ 
if m = 1 for k < ko and \m — rifc| < k for k > k$. Relying upon the 
first moment estimates and Lemma EU we next prove the second moment 
estimates (l3~22l) . Take x,y G U n with l(x,y) =1—1. Thus 2r nj /_i + 2 < 
\x-y\ < 2r n j-2 + 2 for some 2 < l < n. Since r n j- 3 - r n j- 2 > 2r n ^_i, it 
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is easy to see that D(y, r nj /_i) n dD(x, r n ^) = 0 for all k / l — 2. Replacing 
hereafter l by l A (n — 3), it follows that for A; 7 ^ l — 1,1 — 2, the events 

w, /c rs ’ / rifc} are measurable on the er-algebra Q y n f . With := {l + 1,... ,n} 

and Ii := {2,..., l - 3, l,..., n}, set ?„(,/;) = {N y k ~ n fc , k € J/} and 

r£(ii) = ~ nfc, A- G /,}. We note that 

(5.2) {x, y are n-successful} 

c U fKW)n{^ = m,}nf^(/,). 

I 

mi~v\i 

Applying EJ), we have that for some universal constant C3 < 00 , 


(5.3) 


P (x and y are n-successful) 


rnykn 1 


E E [p(r^(J 0 , N y nl = mi I g y nl ) -f x n {ii) 


1 

mi~ ni 


< 


C 3 P(r x n (h)) E P{n{Ji)\Nli = mi) 


l 

mr"! 


Using the Markov property and (l4"29l) . for some universal constant C 5 < 00 , 


(5.4) E | K,l = ™i) < C 5 Qn (U) 3a+S3 P 

l 

mi~ni 


Similarly, with M [_ 3 := {2,..., l — 3}, and 

r UM 1 - 3 ) = {N^ k n n fc , k G M ; _ 3 }, 


hd shows that 

(5.5) P( f*(I,)) 


< E ^ [ P ( r nW), 


l 


mi \Gn,i ); r x (M/_ 3 ) 


< C 6 p (r“(M,_ 3 )) P(r^(.701 = m,). 

1 

m ; ~n; 

Using (ESI) , (TOU and (IOI) we get that, for some S^i — > 0 

(5.6) P (f*(/,)) < C 7 / 15 (Z!)^« Q n . 

Putting (15.31) . (15.41) and El together and adjusting C and 5[_ l proves 
(13.221) for l(x, y) = l — 1. 

□ 









PROOF OF THE ERDOS-TAYLOR CONJECTURE 


17 


6. HARNACK INEQUALITIES AND APPROXIMATE DECOUPLING 

The goal of this section is to prove the Decoupling Lemma, Lemma 15.11 
Since what happens ‘deep inside’ D(y, r n j), e.g. T y n depends on what hap¬ 
pens outside D(y,r n> i), i.e. on Q y n v only through the initial and end points 
of the excursions from dD(x,r n j) to dD(x,r n< i- 1 ), we begin by studying 
the dependence on these initial and end points. The following Harnack 
inequality plays a crucial role in this analysis. 

Define the hitting distribution of A by 

(6.1) H A (x,y) = P x (X TA =y). 

Lemma 6.1. Uniformly for x,x' G D(0, en), e < 1/4 and y G D(0,n) c 

( 6 . 2 ) H d{ 0 ,„) c ( x , y) = (1 + O(s)) H D ^ n y(x', y). 

Furthermore, if e l < e are such that 

inf P x (T mn) o < T 9D (p e i n -)) > 1/4, 

xedD(0,£n) 

then uniformly in x G dD( 0, en) and y G D( 0, n) c , 

(6-3) P o,n) c IJ 1 ^~D(0,n) c ^ 1'dD(0,e'n)) 

= (1 + 0(e)) P x (T D (Q n y < T 9D ( 0 £ i n ))F[ D ( 0 n y(x, y). 

Proof of Lemma 16. U (16.21) is formula (2.7) of fl]. 

Turning to (El, we have 

(6-4) P (Xt D ( 0>n )c V , 1D(0,n) c ^ , ^'dD(0,e'n)) 

Pd(0,u) c Ou V) P (^D3(o,n) c y i Pd(Q ,n) c PdD(0,£ l n)') m 

By the strong Markov property at TaDto.e'n) 

(6.5) P {Xt D ( 0 ti )c V , Pd(} 0,n) c P T 9 d( 0,e'n)) 

^ ^^D(0,n) c {-^T dD ^ 0e / n yiy)i Pd{ 0,n) c P ^80(0,e'n))• 

By (16.21) . uniformly in w G dD(0,e'n), 

H D(o, n y( w i V) = (1 + °( £ )) PD(o,n ) c (*U y)) ■ 

Substituting back into (16.51) we have 

P (^-Th(o,n) c y i 1 D(0,n) c P 1 8D(0,e'n )) 

= (1 + 0(e)) P X (T C 1 ( 0 ,™)= > TdD( 0 ,e'n))PD( 0 ) ny( x i V)- 
Combining this with (tOl) we obtain 
(6-6) P (fXx D ^ o, n ) c y i r ^D{0,n) c ^9D(0,e'n)) 

{P (^~!D(0,n) c ^ TdD(0,e l n)') 1 6(e)) HD(0,n) c (*U 2/) • 

Using the assumptions of the lemma we obtain El which completes the 
proof of Lemma 16.11 

□ 
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Consider a random path beginning at * G dD(0,r n j). We will show that 
for n large, a certain d-algebra of excursions of the path from dD(0, r n j,+\) 
to dD(0,r n j) prior to TQ D y )rn ; is almost independent of the choice of 
initial point z E dD(0,r U} i ) and final point w E <9D(0, Let To = 0 

and for i = 0,1,... define 

r 2 i+i = inf {t > T 2i : X t E dD(0,r n j + i ) U dD(0, 

T 2 i +2 = inf{t > T 2 i+i : Xt E dD(0,r n j)} . 

Abbreviating t = Tg D r 0rnll ^ note that t = T 2/+1 for some (unique) non¬ 
negative integer I. As usual, Tj will denote the a —algebra generated by 
{ Xi , l = 0,1,..., j}, and for any stopping time r, T r will denote the collec¬ 
tion of events A such that A n {r = j} E Tj for all j. 

Let 7i n ,i denote the cr-algebra generated by the excursions of the path from 
dD( 0, r Ujl+ 1 ) to dD{ 0, r n j), prior to T dD ( 0}J . n l l y Then H n .i is the cr-algebra 
generated by the excursions {v^\j = 1,...,/}, where = {X t : T 2 j~\ < 
t < T‘ 2 ]} is the j-th excursion from dD( 0, r n j + i) to dD( 0, r n j). We denote by 
U{{TL n ,i}) the collection of sequences of sets {B n ; n = 1,2,...}, B n E 1i. n j 
such that uniformly in x,x' E <9D(0, r n! /_|_i) 

(6.7) P*(5„) = (1 + 0(n~ 4 ))P x \B n ). 

Lemma 6.2. For a random walk path starting at z E ctD( 0, r n> i), let ?i n j de¬ 
note the cr-algebra generated by the excursions of the path from dD(0,r n> i+i) 
to dD(0, r Ui i), prior to Tg D ^Then, uniformly in n, z E dD(0,r n j), 
w E dD(0,r nt i-i), and B n E H n> i, 

(6.8) P z (B n | = w) = (1 + 0(n~ 3 ))P z (B n ). 

Furthermore, uniformly inn, z,z' E dD(0,r n j), and sequences B n EW({77 nj ;}) 

(6.9) P"(F n ) = (1 + 0(n~ 3 ))P~ (B n ) . 

When we say that a statement such as (EH is uniform in sequences B n E 
U{{TL n ^{\), we mean that there exists a 0 < d < 00 such that if uniformly in 
x,x' E aD(0,r n j +1 ) 

(6.10) (1 - cn~ A )P x \B n ) < P x (B n ) < (1 + cn- 4 )P x '(B n ). 
then uniformly in z, z' E dD(0,r n j ) 

(6.11) (1 - dcn- 3 )P 2 '(F n ) < P z (F n ) < (1 + dcn~ 3 )P z \B n ). 

Proof of Lemma IOI Fixing z E dD(0,r n i) it suffices to consider B n E 
H n> i for which P z (B n ) > 0. Fix such a set B n and a point w E cLD(0, r nj ;_ 1 ). 
Using the notation introduced right before the statement of our Lemma, for 
any i > 1, we can write 

{B n , I = i} = {B n i, T 2 i < r} C ({/ = 0} o e T2i ) 
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for some B n ^ G P T2i = {A | An}, so by the strong Markov property at r 2 i, 
P z [X f = w; B n , I = i}=E z [P x ^ (X f = w,I = 0); B n ^ r 2l < f] , 

and 

P z ( B n , I = i) = E z [P x ^i (7 = 0); B nti , r 2i < f] . 
Consequently, for all i > 1, 


( 6 . 12 ) 


P z [X f = w,B n ,I = i] 

> P z (B n , I = i) inf 

x£dD(0,r n: i) 


P x {X f = w; I = 0) 
P r (7 = 0) 


Necessarily P z (B n |7 = 0) G {0,1} and is independent of z for any B n G 
H n ,h implying that (16.121) applies for i = 0 as well. By (16.(11) . (16.21) and (14.21) 
there exists c < oo such that for any z, x G 971(0, r ni {) and w G 971(0, r n j- 1 ), 


P x (X f = w, I = 0) 


> (1 — cn (z, w) 


E x (7 = 0) 

Hence, summing (16921) over 7 = 0,1,..., we get that 

P z [Xf = w,B n ] > (1 - cn^ 3 )P z (B n )H D ^ rn l _ l) c(z,iu ). 


A similar argument shows that 

P z [Xf = w, B n } < (1 + cn~ 3 )P z (B n ) i7 D(0irn!i _ l)c (z, w ), 

and we thus obtain (PI) . 

By the Markov property at ti, for any z G dD(0,r n j), 


P z (B n ) = P z (B n ,I = 0) 

+ ^D(0,r„ ii+1 )UD(0,r 7iii _i) c (^) X )P (B n ) . 

x£dD(0,r n: i +1 ) 


The term involving {B n ,I = 0} is dealt with by (14.101) and by (16.71) . For 
any fixed x 0 G 971(0, r n j+i) 


(6.13) XI BD(0,r rl} i +1 )UD(0,r n} i_ 1 ) c ( z : X )P (Bn) 

x£dD( 0,r n>!+ i) 

= (1 + O(n~ 4 ))P X0 (B n ) 

x£dD(0,r„ t i +1 ) 

= (1 + 0(n-‘))p‘° (fj n )p*er D ( 0 ,r„., +1 ) < r D(0 , 

so that PI) follows by Km . 

□ 

Building upon Lemma 16.21 we quantify the independence between the <7- 
algebra Q x l of excursions from dD(x , r n ^_i) to dD(x , r n j) introduced in the 
previous section and the u-algebra H x ; (m) of excursions from dD(x , r n j + 1 ) 
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to dD(x, r n j) during the first m excursions from dD(x , r Ui i) to dD(x , 
To this end, fix x E Z 2 , let tq = 0 and for i = 1, 2,... recall that 


T* = inf{t > Ti_i : X t E dD(x,r Ui i)} , 

Tj = inf{t > n : X t E <TD(x, r n ^_i)} 
and that is the u-algebra generated by the excursions {e^\j = 1,...}, 
where e^ 3) = {X t : Tj -i <t< Tj} is the j-th excursion from dD(x,r n j- 1 ) 
to 8D(x, r n> i) (so for j = 1 we do begin at t = 0). 

We denote by t (m) the cr-algebra generated by all excursions from 
dD(x,r n j- |_i) to dD(x,r Ui i) from time t\ until time f m . In more detail, for 
each j = 1,2,..., m let Cyo = T j and for i = 1,... define 

C j,i = inf{t > Cj,i—l : -Xt e 9T>(x,r niZ+ i)} , 

Cj,i = inf {i > Cj,i : X t E 5T(x,r ni i)} . 


Let = {X f : (?,* < t < Cj,J and Z j = sup{i > 0 : Cj,» < T j}- 
Then, 'Hf 2 (m) is the product u-algebra generated by the cr-algebras Ti. x t ■ = 


= 1 of the excursions between times Tj and Tj, for j 

We denote by U({H x i(m)}) the collection of sequences of sets H n 
K^ ) of the form H n = H n< i n H n>2 n • • • n H n>m , with H n j E U({H T n l j 
for j = 1,..., m. 


}) 


Lemma 6.3. Uniformly over all l < n, m < (nlogn) 2 , x,yo,y\ E Z 2 and 

(6.14) (1 - 0(mn~ 3 ))py 3 (H n ) < P^°(iL n | 0*,) 

< (1 + 0{rnn~ 3 ))P Vl (H n ). 


Proof of Lemma 16.31 We can write H n = H n . j n H nj2 PI • • • n H n m , with 
H n j E U({H x n t j}) for j = 1,..., m. Conditioned upon Qf z the events H n j 
are independent. Further, each H n j then has the conditional law of an 
event B n j in the collection U({7~L n ,l}) of Lemma 16.21 for some random Zj = 
X Tj — x E dD(0,r n j) and Wj = X^- — x E dD(0,r n j-i), both measurable 
on Qf j. By our conditions, the uniform estimates El and El yield that 
for any fixed z' E dD(0,r n j) s , 


(6.15) p yo (H n IS*,) = py°(n™ =1 (H nJ ) I g^) 

m 

= JJ P Zj (B n j | X TgD{0 rn i)c = Wj 

3 =1 
m 

= !](! + 0{n~ 3 ))P*i(B ntj ) 

3 = 1 

m 

= (l + 0(n- 3 )) m n 

3 =1 
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Since m < (nlogn) 2 and the right-hand side of (16.151) neither depends on 
yo E Z 2 nor on the extra information in (P ,, we get dsm by averaging over 

G X n,l- 

□ 

Proof of Lemma 15.H For j = 1,2,... and i = l + 1, l + 2,..., n, let Zj 
denote the number of excursions from dD(y,r nt i- 1 ) to dD(y,r Ut i) by the 
random walk during the time interval [ fj,Tj]. Using (TQ51) . the event 

mi 

H n = Z{ = mi : i = l + 1, l + 2,..., n} 

3 = 1 


can be written as a disjoint union of events in the collection U({H y n t (mi)}) 
of Lemma IP1 It is easy to verify that starting at any x ^ D(y,r n y), when 
the event {N^ ll = mi} E Q v n l occurs, it implies that f° r 

i = l + 1, l + 2, ..., n. Thus, 

(6.16) P“(r“j 16" ,)1 M ,. m ,i = P"(ffn ley V: ,,=•»«} - 

With mi/(n 2 logn) bounded above, by (16.1 41) we have, uniformly in y E Z 2 
and x 0 , aq E Z 2 \ P>(y, rvu), 

(6.17) 

Hence, 


P X0 (H n |Ql ,) = (! + 0(n~ x log n))P Xl {H n ). 


(6.18) P X0 {T y n j \g y n l )l {N v i=mi} = (l + 0(n- 1 logn))P" 1 (i7 n )l {JV , _ m , } . 
Taking xo = aq and averaging, one has 

(6.19) P X1 (T^ | N y t = m t ) = (1 + Ofa- 1 log n))P x '{H n ) 

Hence, 

(6.20) l {Nl - mi} 

= (1 + 0(n _1 log n))P xl (H n )l {N y _ mi} 

= (1 + Oin- 1 log n))P x °(T y nl |0",) 1 {JV * - mi} 

where we used fH51) for the last equality. Using that {N^ il = mi} C Q y } , 
this is (15.11) . 

□ 
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